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Hierarchical Sliding Mode Control Design for
Stabilization of Underactuated Wheeled Acrobot

System ¥

Wosene Yirga Balcha, Dawit Gizachew Misikir

Abstract: This paper presents the hierarchical sliding mode
control (HSMC)--based stabilization problem of the wheeled
Acrobot (WAcrobot) system, which combines an actuated wheel
that rolls in the horizontal plane with an Acrobot consisting of
two inverted pendulum links. These links are driven by an
actuator at the second joint and freely rotate in a vertical plane.
The stabilization problem of the WAcrobot, previously addressed
using switch-based controllers in many studies, is solved in this
work by designing a single-stage controller without requiring
switching steps or time. The design approach comprises two
parts. First, the system is reduced to a cascaded nonlinear model
in finite time using the inherent dynamic coupling relationship.
Second, a two-loop control scheme is employed: the outer loop
ensures that the actuated state variables track the desired
response, while the inner loop forces them to exhibit an
asymptotically stable nature. After the desired design of both
loops, the asymptotic stability of the overall dynamics is achieved.
Finally, the theoretical analysis is validated using MATLAB.
Simulation results demonstrate that the proposed controller
effectively stabilizes the WAcrobot system at the equilibrium
points.

Keywords: Underactuated Systems, WAcrobot, Stabilization,
HSMC,2-Loop Control

I. INTRODUCTION

Mechanical systems can be fully actuated, over-

actuated, or underactuated depending on their construction
[1]. Underactuated systems have fewer control inputs than
degrees of freedom and are widely applicable in various
technologies, including space exploration, undersea
robotics, mobile robotics, and flexible robotics. Robots are
often designed with more degrees of freedom than control
inputs to enhance flexibility, reduce costs, and minimize
actuator faults. Mechanical systems are considered
underactuated when flexible modes, which are not directly
actuated, must be controlled [2].
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Systems like the Pendubot and Acrobot are intentionally
designed to create complex nonlinear dynamics for
advancing control system research.

However, input reduction introduces nonlinear constraints,
which are often second-order nonholonomic. This
complicates the control design of underactuated systems, as
the system states lie within uncontrollable manifolds of the
configuration space [3].

The Acrobot, as its name suggests, is a planar robot that
mimics a human acrobat suspended from a bar, attempting
to swing into a stable inverted position while maintaining a
grip on the bar. The Wheeled Acrobot (WAcrobot)
combines an actuated wheel that rolls in the horizontal plane
with an Acrobot comprising two inverted pendulum links
driven by an actuator at the second joint, which freely
rotates in a vertical plane. As a result, the WAcrobot is an
underactuated, strongly nonlinear system.

The main control challenge in the Acrobot system is
swing-up and stabilization, which are inherently difficult.
Addressing this challenge is important, as the system’s
complex nonlinear structure and multi-DOF under actuation
make it a benchmark for nonlinear control theory. This
paper proposes a novel control design approach for the
stabilization of the WAcrobot, involving model reduction to
a cascaded nonlinear system and hierarchical sliding mode
control (HSMC) design for the low-order nonlinear
subsystem. The primary contribution is the proposal of a
one-stage controller based on a two-loop scheme, employing
HSMC to ensure the asymptotic stability of the overall
system [4]. Theoretical analysis is validated using
MATLAB simulations. Underactuated systems have a
smaller number of control inputs than their degrees of
freedom. Such kinds of systems

Il. LITERATURE REVIEW

The Acrobot was first introduced and studied by Murray
and Hauser. Subsequently, several studies have addressed
control problems of underactuated systems, including the
Acrobot. A switch-based controller was proposed for the
global stabilization of the WAcrobot, as described in [3].

Researchers designed a two-stage control law to stabilize
the system. The first stage, based on the Lyapunov function,
and the second stage, employing feedback linearization,
were developed to stabilize the overall system. However,
switch-based controllers rely on switching procedures, and
determining the switching time for achieving optimal
transient behavior is challenging.

X. Xin and M. Kaneda
addressed the energy-based
swing-up control problem for
the  Acrobot [5] An
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explanation was provided on selecting control parameters to
either gradually swing the Acrobot to a small random
neighborhood of the upright equilibrium point or maintain it
within a set containing a finite number of equilibrium
points. Numerical simulations using three Acrobots were
conducted to verify the theoretical results. Analyzing the
convergence rate of the energy-based controller for the
Acrobot was identified as a direction for future research.

The study in [4] proposed a two-loop control method for
managing the pendubot. Partial feedback linearization and a
sliding mode controller were jointly used to manage the
nominal and system under external disturbances.

In many studies, a nonlinear controller design employing
multiple sliding surface (MSS) control techniques is
designed to track the stabilization function required for the
unstable zero dynamics of an underactuated system. This
was achieved by converting the system model into a strict
feedback structure.

Moreover, hierarchical sliding mode control with state-
dependent switching gains was proposed in [6] for
stabilizing systems such as inverted pendulums and ball-
beam systems.

I11. SYSTEM MODELING

For control design, a mathematical model that describes
the dynamical properties of a system is essential. The
mathematical model of the WAcrobot is derived by
calculating its kinetic and potential energy and applying
Lagrange's equations of motion.

Lagrange's Equations of Motion: -Lagrange's equation
of motion for a conservative system is given by:

4t _L_7 . Q)

Here, g is the n-vector of generalized coordinates g;, t is
the n-vector of generalized forces t;, and the Lagrangian L
is defined as the difference between the system's Kinetic
energy K and potential energy P:

L=K-P

A. Dynamic Model of the WAcrobot

Consider the physical model of a WAcrobot system shown
in Figure 1 below.

e
[Fig.1: Physical Model of WAcrobot]
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The parameters of the WAcrobot system are defined in
Table 1.

Table 1: Parameters of the System

0,(t) The angular position of the wheel
6,(t) The angular position of the first pendulum
6,(t) The angular position of the second pendulum
m Mass of wheel
my Mass of the first pendulum
m, The mass of the second pendulum
7,(t) Input torque applied on the wheel
7,(t) Input torque on the second pendulum
g Gravitational constant
A Moment of inertia of the wheel
I Moment of inertia of the first pendulum
J3 Moment of inertia of the second pendulum
Ly Radius of the wheel
L, Length of the first pendulum
Ly Length of the second pendulum
Ly Length of joint one to center of link one
Le, Length of joint two to center of link two

The kinetic and potential energy of the WAcrobot system
can be calculated from its physical model as functions of
angular position and velocity

Total kinetic energy=Kinetic energy of the wheel+Kinetic
energy of the first pendulum+Kinetic energy of the second p
endulum.

K(6,6) =-6TF(0)6 .. (2)

Where 8 = [0, 6, 65]7 is a vector representing the joint
angular positions of the WAcrobot, and F(0) is the inertia
matrix of the system, given by

Fi.  Fip(6) Fi3(6)
F(0) = |F21(0) F5(0) Fp3(0)
F31(0) F352(0)  Fa3
Fi1 = A1, F55(0) = A, + A, + 2¢0505,F35 = A,
Fi,(0) = F,1(8) = A5c056, + Ascos (6, + 63)
Fi3(0) = F3,(0) = Asc0s(0; + 03), 45 = m3Ly L¢3
F,3(0) = F3,(0) = A, + A4co0s6,
Ay =(my +my + m3)L§ +/1
Ay = mylZy + ], + m3l}
A3 = (myLey + msly)Ly
Ay =mgliz +]3
Ae = m3l;Lcs

Where,

Total potential energy = potential energy of wheel +
potential energy of the first pendulum + potential energy of
the second pendulum.

P(0) = y,cos6, + y,cos(6, +0,) ... (3)
Where y, = (myLe; + m3ly)g, v, = mslsg.

The Euler-Lagrange equations of motion: - The Euler-
Lagrange equation L(8, ) of the system, which represents
the difference between the total Kkinetic energy and the
potential energy of the system, can be written as follows:

L(6,6) = K(8,0) — P(8)
d oL(8,0) 0L(6,6)
o6 a6 '
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By differentiating the Euler-Lagrange equation with
respect to each joint angle, Equation 4 is obtained.

(i aL(6.6) 9L(6,6) _

dat 96, 36, !
iaL(e_,é) _ 9L(8,6) -0 .. (4
dat 96, 86,

d dL(8.0) dL(6,6) _

dc a6, a6, 2

Equation 4 can be written in compact form as follows.
F(0)6+H(6,0)+G@O) =7 .. (5

Here, H(@,6)and G(0) represent the Coriolis and
gravitational terms, respectively, and they are defined as
follows.

H(6,6)
H,(0,0) = —13603sin0, — A5(6, + 65)2sin(6, + 65)
= H,(6,0) = —24(26, + 65)035in6,
H3(8,0) = 1462sinb;

G,(6) = 0
G(0) = [G2(8) = —y,sinb; — y,sin(6, + 6,)
Hs(8,6) = —y,sin(6; + 65)

T1
o
T2
The state-space equation of the overall system can be
written in a form that facilitates easier manipulation.
Letx =[% X2 X3 x4]Tandz=1[z1 2]T

Where X1 = Hlle = 91,X3 = 92,X4 = 92,21 = 93,22 = 93
Then, the state space form of the system is defined by:

{ J'Cl = xZ
Xy =Y1(x,2) + d1(x,2)T1 + @1(x, 2)T,
{ X3 = Xy
Xy ="Yo(x,2) + Po(x,2)T1 + @2 (%, 2)7,
{ Z1 =12,
Z, ="Y1(x,2) + p1(x, 2)T1 + 91(x, 2)T;

Y1(x, 2) —H,(6,6)
Y2 (x,2)[ = F71(8) | —H,(6,0) — G,(6)
Y3(x, z) —H3(8,0) — G5(8)

Where

$1(x,2)  @1(x,2) 10
¢2(x, Z) (Pz(x' Z) = F_l(e) [0 0]
¢2(x,2) @3(x,2) 0 1

B. Reduced Order State-Space Form

Since the state-space equations derived above are highly
complex, reducing them to low-order nonlinear dynamics is
important. To achieve a reduced-order representation of the
original system’s state space, the following controller is
designed [4].

T(21,22)="Y3(x,2)—$3(x,2)T1
T, = .. (6

2 P3(x,2) (6)
Where T (zy,2,)="1, (221/2 + 7‘11/221)1/2

Retrieval Number: 100.1/ijies.E73830111523

DOI: 10.35940/ijies.E7383.11121224
Journal Website: www.ijies.org

International Journal of Inventive Engineering and Sciences (1JIES)
ISSN: 2319-9598 (Online), Volume-11 Issue-12, December 2024

and ry, 7, are positive constants. Using Controller 6, it is
evident that two nonlinear cascaded systems are obtained, as
shown in Equations 7 and 8 below.

Zl == ZZ (7)
Z; = _7"2(221/2 + 7"11/221)1/2
J'Cl = X2
X = f1(%) + g1 ()74 )
%, = x,

Xy = fo(x) + g2 (x)714

Where fl (x) — 'Yl(x,0)<p3(x,O)—T3(x,0)<p1(x,0)

@3(x,0)
fulx) = Y,(x,0)p5(x,0) —Y3(x,0)p,(x,0)
' 2(,0)
9u(x) = $1(x,0)p3(x,0) — ¢3(x,0)¢,(x, 0)
' 9:(x,0)
9,(x) = $2(x, 0)p3(x, 0) — ¢3(x,0)p2(x, 0)
’ @3 (x' 0)

The controller in Equation 6 must be designed carefully to
asymptotically stabilize the states z in finite time before the
states x decay to zero. Additionally, the controller is
designed to decouple x and z.

IV. CONTROLLER DESIGN

The most important property of sliding mode control is its
insensitivity to matched uncertainties acting in the input
channels [7]. The HSMC method focuses on the hierarchical
structure of the sliding surface and designs the control law
based on this structure [8]. This section discusses the design
of a hierarchical sliding mode controller (HSMC) that
stabilizes the dynamics described in Equation 8 [9]. To
design a one-stage controller, a two-loop control method is
proposed, as illustrated in Figure 2. In this strategy, state
variables with control inputs x; and x, are made to track
the desired response, which is achieved by designing the
outer loop [10]. The desired response is calculated such that
the states with no control inputs exhibit asymptotic stability.
This behavior is ensured by designing the inner loop,
thereby stabilizing the overall dynamics asymptotically [11].

X=Xy

T | = A+ gy
—>

iy =1y |:‘_

by = R0+ g2 007y

flexg) [

Inner loop

The following two sliding
surfaces are considered for
each  subsystem of the
dynamics in Equation 9, and a
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linear combination of these sliding surfaces is constructed as
a hierarchical structure.

Sl = C1X3 + x4
S = CX1q4 + X14

sS=cS;+5; 9
Using exponential reaching law and derivation of the
sliding surface with respect to time gives Equation 10.

$=c$; +$, = —ws —vsat(s) ..

(10)

where w and v , are positive constants. From Equation 10
and setting 7, = 24~A1

g1
dynamics for the inner loop can be written as Equation 11
below.

at infinite time, the desired state

Where,x, 4 , is the desired angular position of joint one and
its second derivative with respect to time can be given by
Equation 11.

—ws—vsat(s)—cclx4—cf2+c(f;‘i2)—cled
g2

1+c==
g1

X1a =

(11)

The closed loop of the second subsystem will be,

X‘3 = Xy

. g g2 .
{x4 =fa— g_ifl +g_ix1d

(12)

Let x5 = x14,%¢ = X14 , then Equation 12 can be written
as a set of first-order differential equations.

X3 = Xy

. 92 92

Xy =f——fit—x

* 2 g1 ! g1 (13)
565=x6
Xe = X

Where y = ¥;4,. The positive constants c¢;,c,,c,w,v
should be selected so that the Jacobin matrix of Equation 13
at

s =0,is Hurwitz to guarantee the overall
asymptotic stability.

system

V. RESULTS AND DISCUSSION

As MATLAB is the most powerful tool in system
dynamics and control, the proposed controller should be
tested and verified through simulation before practical
implementation. This part shows the results obtained and
depicted by the figures below. Appropriate controller
parameters are chosen by trial and error until acceptable
performance is achieved.

The following physical parameters of the WAcrobot are
selected for simulation.

Table 2: Parameters Used for Simulation

Parameter Value
my 1.22 kg
m, 0.28 kg
my 0.72 kg
A 0.00153g.m?
I, 0.000598g. m?
I3 0.013138g.m?
Ly 0.05m
L, 0.15m
Ly 0.45m
L., 0.075m
L 0.225m
v 0.002
w 10
[ 11
c, 0.9
c 41
LTy 1,5

The simulation result shows stabilization of both links is

achieved as soon as the WAcrobot stops moving without
using the switching controller.

25
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As explained in section B and
by the controller in Equation 6,
the angular position of joint 2

must decay faster than others
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and the simulation result reaffirms this.

torque 1 torque 2
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[Fig.6: Control Inputs and Sliding Surface]

VI. CONCLUSION

In general, this paper proposed the stabilization of
WAcrobot using a one-stage controller. After reducing the
model of the system to a low-order nonlinear cascaded
system, a two-loop controller scheme that uses HSMC is
designed to provide asymptotic stability of the overall
system. The controller parameters were chosen by trial and
error which is cumbersome, and the evolutionary algorithms
should be applied to obtain the optimum values. Estimation
of nonlinearities using observers should be included in this
area since unmodeled dynamics exist in a real system.
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